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increasing current ratios and in fact decreases them in region
1 where these greater conductivity techniques are most
useful. Comparison on the basis of the same electron tem-
perature indicates that a nonequilibrium plasma will have
slightly lower maximum current ratios than one in equilib-
rium. The former situation, however, may permit much higher
temperature operation, far to the right in region 3 where
maximum current ratios increase sharply. Similar calcula-
tions with helium indicate the same trends except that
maximum current ratios are nearly one order of magnitude
lower in region 1 whereas regions 2 and 3 begin at higher
electron temperatures.

A one-dimensional coaxial device has been built to quali-
tatively check some of these theoretical predictions. Some
preliminary experimental results described in Ref. 4 tend to
substantiate them, although current ratios obtained up to
this time have not been as large as expected.
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A Multiple Time Scaling Analysis of
Re-Entry Roll Dynamics

Art Hasan Navren*
Aerotherm Corporation, Mountain View, Calif.

1. Imntroduction

HE rigid-body motion of a body entering the atmosphere

depends upon many factors, such as the initial conditions,
the mass and mass distribution, the external geometry, and
the heat shield material. Since, in practice, vehicles have
varying degrees of asymmetries, there is a coupling of the
piteh and yaw degrees of freedom with the roll degree of free-
dom. The resultant heating and ablation will be asymmetric
and new asymmetries will be induced.

Most theories for rolling symmetrical missiles have made
use of the basic ballistic analysis of Fowler et al.,® Nicolaides,?
and Charters! obtained theories for rolling missiles having
slight configurational asymmetries using nonrolling eoordi-
nate systems. Nelson® obtained a theory for slightly asym-
metrical missiles using a body-fixed coordinate system. How-
ever, all of these theories, like that of Fowler, are linear and
assume constant roll rate and freestream conditions. Coak-
ley,? on the other hand, obtained a solution for the time vari-
ations of the angle of attack of rolling symmetrical missiles
using the WKBJ method.* In Ref. 2, the roll rate is de-
coupled from the other degrees of freedom but the time
variation of the freestream conditions is accounted for.

In this Note, approximate solutions are obtained for the
roll rate and angle of attack for missiles with slight center of
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gravity and aerodynamic trim asymmetries using the method
of multiple time scales.’® The time variation of the free-
stream conditions as well as the coupling of the roll rate with
the other degrees of freedom are taken into account. The
analysis is based upon the observation that there are at least
two time scales: a slow time characterizing the variation
of the dynamic pressure and a fast time characterizing the
angle-of-attack oscillations.

It is assumed that gravity forces are negligible, and the-
aerodynamic forces and moments are linear. Velocities,
atmospheric density, and time are made dimensionless using
the entry velocity u., sea-level density ps, and characteristic
time T = [21/p;u.2Ad]Y/2, where I is the transverse moment
of inertia and d and A are the body diameter and cross-
sectional area, respectively.

A right-handed orthogonal body-fixed coordinate system
is introduced such that the x axis is the longitudinal axis,
the y axis is the horizontal transverse axis, and the 2 axis is
orthogonal to the z and y axes. The velocity components
along these axes are denoted by u, v, and w, and the angular
velocities about these axes are denoted by p, ¢, and r, respec-
tively. The six-degree-of-freedom equations of motion can
be transformed into?

U+ quw —rv = —epV? )
p = pV?eCi + Craac/d + eCip/V1/A — v)  (2)
§ - [ip(l +v) + #/u + @ — eD]5 +
ip + v — p3) + ip(vu/u — €D — M +
e¥Q/w)]8 — 8 + 0(e%) = 0 (3)

where the complex angle of attack § = 8 + ia, p2 =
—pV2Cna/v, v = 1 — I./1,Q = pV*Cya/Cp, D = pVr(Cra
+ Cung)y, M = pVvChpa, v = md?/2ICp, € = [pI/24d]"*/B,
and B = m/CpA. Here, Cp is the drag coefficient, C;, is
the roll damping coefficient, Cy is the pure roll torque co-
efficient, Cna and Cope are the pitching and Magnus moment
coefficients, C,, and C.s are the pitch or yaw damping
derivatives, Cye is the normal force derivative, I, is the axial
moment of inertia, m is the vehicle mass, and V is the absolute
velocity.

2. Analysis

Actual flight test data and six-degree-of-freedom numerical
calculations show that there are at least two time scales: a
slow time characterizing the variation of velocity and a fast
time characterizing the angle-of-attack oscillations. This
suggests the applicability of the method of multiple scales?:
to determine an asymptotic solution for Eqs. (1-3) for small e.

Introduce a slow time 7 = e and a fast time 7 = ¢(7)/e¢
where g(r) is an unknown function that will be determined
in the course of analysis. Assume that 6; = €d;, and u, p,
and & possess the following expansions:

ult) = uo(r,n) + ewlr,m) + ... )
p®) = po(r,n) + epr(r,m) + . .. )
8(t) = edi(r,m) + €da(ryn) + . .. 6)

Substitute these expansions into Eqs. (1-3) and equate
coefficients of equal powers of e. The solutions of the re-
sulting equations contain arbitrary functions of 7. These
functions as well as g(7) will be determined by requiring that
Eqs. (4-6) be uniformly valid expansions; i.e., the second
terms are small corrections to the first terms. Thus, it is
required that ui/uo, p1/po, and 8:/8; < o« for all 4 and 7.
The zeroth-order equations lead to

up = Ue(7) and po = po(7) @)

Therefore, Q, M, D, p., and Cj are functions of the slow time
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Fig. 1 Comparison of the roll rate obtained from the

multiple time scaling analysis with that obtained from

6-degree-of-freedom computation (p; = 2 rad/sec and u, =

20,000 fps at 100 kft, m = 951b, B = 1475 psf, 4 = 0.92 fi2,

D = 1.08 ft, C,.o = — 0.006/deg, Cy, = 0.045/deg, a: =
0.15°, 8; = 0, and ¢ = 0.03 in.).

to first order. Consequently, the solution for 8, is
6 = F(7) 4 Ai(r) explihi(r)n] + Ax(r) expliha(r)n] (8)
where
F(r) = 8/(1 — k5, k = p:/p.
g'he = —(1 + 7po/2 £ 0, w* = [(1 — 7)pe/2* + vp.t
An(r) = an(r) expliga(r)], m = 1,2

with @ and ¢, real-valued functions.
Using Eqgs. (7) and (8) and requiring p:/pe be bounded for
all 7 yield” )

d
E’;To = g = Pollg [Czo -+ gCNa a,/(l - /52):] (9)

po=1b l:%i cosm + %2 COSHz] / g’ (10

with b = poe’cCya/d, tm = Any + ¢m. Imposing the condi-
tion that ui/ue be bounded for all 5 gives?

duo/d'r = —p0u02 (11)

To solve for u, the variation of py with time is needed. For
an exponentially varying atmosphere,

dpo/dr = (2B/p.H)potig sind (12)

where 8 is the trajectory angle and H is the atmospheric scale
height.
The equation for §; becomes?

2
L) = —i 3 ‘Rm exp(un) — b(B: + i) am
m=1

. 2
[smum — 5:—2@ cos,um]} + terms

{independent of 5, proportional to exp [£m +u]} (13a)
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where
L = ¢'0%07* + ipog’ (A + v)0/0n + v(p* — po¥) (13b)
Rn = lg" + eg’lanhn + 12¢'hs + A + ¥)v] X

[0/m + t0nd m + tanh wn] + 2¢°0nh n + fan (14)
e = —2\ + u'o/us, N = 3(Do — Qo/uo) (15)
f =&+ polyu'o/ue — Do — Moy 4 ¥Qo/uo] (16)

with @y, Dy, and M, the first-order terms in @, D, and M.
The particular solution of Eq. (13) contains terms propor-
tional to [%,m][cOSpm, Sing,], which make 8§5/8; unbounded
as 7 — . These terms will be eliminated if

Rm + %‘S (B; + ia;)am =90 (17}

where s = 20(1 + 2ypo/g’)/(1 — k?). Since Eq. (17) is
valid for all 7,

h'w =0 (18)

Hence, A, = const, which can be taken to be unity without
loss of generality. Then, there are two possible values for g,
which are given by

gha=—04+ vp/2 £ (19)

Using Eq. (18), separating real and imaginary parts in
Eq. (19), and solving the resulting equations lead to

¢'m = £88.,/2w (20)

A T
Am = o) 2 exp l:fo \ + A)\m)dr] (21)

where a,, is an arbitrary constant and
Ay = ([0 + 7)/2](poe + &) — f — sa}/20 (22)

3. Concluding Remarks

Equation (21) shows that the angle-of-attack convergence
depends on the square root of the missile velocity. The
smaller the velocity, the larger is the angle of attack. Equa-
tions (9, 15, 16, and 22) show that the angle-of-attack con-
vergence depends on the roll acceleration, the vehicle de-
celeration, and the trim angles of attack in addition to the
damping and Magnus forces.

Figure 1 shows good agreement between the roll rate
caleulated from Egs. (9) and (10) and that obtained from a
six-degree-of-freedom computation. The analysis needs
to be applied to other missile parameters and compared with
actual flight test data and six-degree-of-freedom numerical
computation.
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View Factor from Conical Surface
by Contour Integration

J. B. UrquHART*
The Boeing Company, Huntsville, Ala.

Introduction

HE prediction of radiative heat transfer from the engine

exhaust plume to the stage is necessary to evaluate
thermal protection requirements. Therefore, the radiation
view factor between the plume and the stage must be evalu-
ated to determine the radiant heat rates. The normal
approach to this problem is to assume that the exhaust plume
behaves as a radiating cone; thus the problem is reduced to
determining the view factor between a conical surface and a
differential area on the stage. Using this approach, Mori-
zumi?! and Bobco? attempted to evaluate the view factor from
a differential area to a cone. Morizumi used the Nusselt
double-projection method. His analysis has the disad-
vantage of determining the view factor to a conical surface
that is truncated by the differential-area line of sight instead
of by a plane perpendicular to the cone axis. Bobco at-
tempted to develop an expression for the view factor by
integrating the general equation for view factors;

cosf; cosb;
Poacs= [ [ it ®

where 6y, 6, and r are indicated in Fig. 1. He successfully
integrated Eq. (1) once but was then forced to integrate the
resulting expression numerically.

Analysis

An analysis is developed here that will yield the view factor
from a differential area to a cone. By applying Stokes
theorem? to Eq. (1) the view-factor equation is reduced to
contour integrals. For the configuration of interest (Fig. 1)
the differential-area normal is parallel to the cone axis. The
view factor for this configuration can therefore be represented

Fig. 1 View factor from
differential area to cone.
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Fig. 2 Contour lines.

as a single contour integral

(z — x)dz — zdx

FdA —ds =
S ¢, 27r?

@

This contour integral is integrated around the path that is
the limit of sight on the cone from the differential area. The
contour path is shown in Fig. 2.

To integrate Eq. (2),  and z are written in polar form using
the cone radius R and the angle ¢ measured from the z axis
in the x — z plane. The cone radius is

R = y tan® 3)

where 8 is the half angle of the cone. Employing symmetry
and expanding Eq. (2) into regular integrals yields

- 2 tan20 —
Fonpn, = fo ¢o (1® tan ziy1 tand cose)de n

7r?

fy& 21 tan@ singedy n

1 Tr?

0 (72 tan?0 — x,% tanf coso)de
f 2 @
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Fig. 3 View factor vs distance along cone axis for various
E’s and ¢’s.



